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ABSTRACT
Here we investigate theoretically the phonon-assisted spin relaxation of holes in Ge/Si quantum dots (QD). This mechanism is dominant for an isolated QD in external magnetic field H≥0.1 T. In the temperature range T<60 K there are two competitive phonon-assisted spin flip processes: direct one-phonon process (first-order to perturbative strain field) and Raman-type process (second-order). In the framework of tight-binding approximation, relaxation times τ(1) and τ(2), corresponding to these processes, were obtained. The relaxation time τ(1) weakly depends on temperature: τ(1)→const for T→0 (spontaneous transitions) and τ(1)~T –1 for higher T (when induced transitions are dominant). Magnetic field dependence of τ(1) is rather strong: τ(1)~H –5 ,while the rate of Raman-type processes is almost field-independent when T>gβH/k and strongly depends on the temperature: τ(2)~T –7.
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1. INTRODUCTION

A recent proposals of quantum computing schemes and spin devices basing on the manipulation with spin of carriers in quantum dots (QD)1-3 caused a great interest to the problem of spin relaxation in quantum dots. Ge/Si system is one of more attractive systems for exploiting in spintronic, because the time of spin-lattice relaxation T1 is extremely long in Si, T1 ~ 1-10 hours at the helium temperatures4-6, and electron states have very long dephasing time T2. In Silicon at low temperature, e.g. 1 K, measurements of T2 indicate a lower limit of 0.5 millisecond7, limited by the isotopic purity of the material. It is expected that in isotopically pure silicon, in which all nuclei have spin zero, the T2 will even be longer since the most important decoherence mechanism, spin diffusion will be eliminated.  Long T1, T2  times measured in low-temperature Germanium, T1 ~T2 are a few milliseconds8.  Such long T2  times allow for extensive quantum information processing and error correction or temporary storage of the information.
The general difference between the case of quantum dot,  two-dimensional (2D)  and three-dimensional (3D) cases  is  the strong confinement  in all three directions. Some spin-flip mechanisms (connecting with momentum scattering)  that are effective in the 2D and 3D cases are frozen out in QD. Therefore the time of spin relaxation increases with lowering of dimensionality of system9,10 and the longest time is expected in the QD. At this moment there are many proposals of spin devices basing on the manipulation with spin of carriers in quantum dots: spin transistor, spin memory, spin filter3. And the most attractive proposals is the quantum computation with quantum dots1,2. A Ge/Si system is one of more suitable systems for exploiting a spin degree of freedom, because spin-flip mechanisms caused by bulk-inversion-asymmetry11 are absent in this system.
In present paper we study the phonon-assisted spin relaxation of holes in isolated Ge quantum dot in magnetic field. There are many sources of spin relaxation which can work in semiconductors. Their number depends on the parameters of the considered system. For example the hyperfine interaction can caused the spin relaxation12,13, also the structure-inversion-assymetry can be reason of spin relaxation during tunneling between neigbouring quantum dots14 and so on. But at some special conditions the electron-phonon interaction can play the main role in the spin relaxation.
We consider the spin relaxation caused by vibrational modulation of  spin-orbit coupling. The phonon waves induce the lattice vibrations and this leads to modulation of spin-orbit interaction. Spin-orbit interaction becomes time dependent, which eventually leads to spin-relaxation. The spin-orbit interaction has the crucial effect on the valence band structure and on the spin relaxation of holes in the bulk semiconductors. The magnitude of spin-orbit interaction in Ge (~0.3 eV) is comparable with confinement energy in quantum dot.  Consequently it plays important role in the formation of electronic structure in Ge quantum dot. The strain  produced by emitted phonon is coupled  directly to the hole effective spin through variation of spin-orbit interaction. We assume that this mechanism provides  the main source of spin flip in single isolated Ge quantum dot at nonzero temperatures.

The Ge quantum dots are usually fabricated by molecular beam epitaxy and accumulate in two-dimensional  layer.  In our studies we consider the typical Ge quantum dot embedded in Si matrix. The average size of Ge quantum dots in well-known experiments are ~10-20 nm in lateral direction and ~1-2 nm in height, and these quantum dots can be viewed as artificial atoms15. The large (~0.7 eV) valence-band offset characteristic of Ge/Si heterojunction leads to an effective confinement of holes in Ge clusters16. The experimental results show that the shape of Ge/Si quantum dot is close to the square pyramid with the height h one order smaller than the length of the base side l (h/l ~ 1/10)16. The island represents quasi-two-dimensional object with principal symmetry axis Z.Our investigation is based on the calculation of energy spectrum in tight – binding approach. Strain effects and spin orbit interaction are taken into account. 

Our studies of electronic structures of Ge/Si quantum dots show that localized states in the quantum dot are formed mainly from valence band states17. The states can be characterized by the angular momentum J and its projection Jz on the growth direction Z, i.e. they represent the superposition of states |3/2, ±3/2>, |3/2, ±1/2>, |1/2, ±1/2> (|J, Jz>). The state |3/2, ±3/2> can be considered like heavy hole state, |3/2, ±1/2> – like light hole state, |1/2, ±1/2> – like split-off hole state, because Z is the principal symmetry axis. The ground hole state in Ge quantum dot is formed mainly from heavy hole states (the angular momentum projection Jz=3/2) and has small admixture of light and split off holes (Jz=1/2). The excited states contain more admixture of hole with Jz=1/2.18 And, as we will show below, this changes the spin properties significantly.

This paper is organised as follows. In Sec. 2 we describe the method of calculation of spin relaxation rate due to electron-phonon interaction. In Sec. 3 we present results of calculation of spin relaxation time in the first and second order of perturbation theory. We consider the dependence of relaxation on the temperature and the magnetic field and determined the range of applicability of the obtained results. In conclusions we formulated the relation between magnitude of spin relaxation time and character of hole state in Ge quantum dot.
2. METHOD OF CALCULATION

Our studies are based on the calculation of the energy spectra of holes and its wave functions in tight-binding (TB) approach17. We used sp3 TB approach, including interactions between nearest neighbours only19,20. The set of atomic orbital s, px, py, pz for each atom were taken, and state vector length was equal to (number of atoms)((number of orbital for one atom). Following Chadi21 the spin-orbit interaction was added to the Hamiltonian. Strain effects22 were incorporated into Hamiltonian in two ways: as changes of interatomic matrix elements20,23 and as the strain-induced mixing of orbitals centered on the one atom17. In order to find the wave function we applied the free relaxation technique24. The component of calculated state vector 
[image: image35.bmp] represents the amplitude of the probability to find hole (electron) on the n-orbital of the atom number N, where the index n ({s, px, py, pz}. 

As analog of electron spin we consider the projection of angular momentum Jz for hole states and henceforth we will have in mind namely Jz using the words “spin of holes”. We assume that the magnetic field is low and does not change significantly the wave function of hole in QD. Therefore we use for the calculation of matrix elements 
[image: image2.wmf]y

y

z

h

J

S

=

 the eigenstates of the non-perturbed Hamiltonian.

In magnetic field the Kramers degeneracy of hole level in Ge QD is lifted. The time reversal invariance can not apply in an interaction involving a magnetic field. Consequently the matrix element of interaction with phonons for transition between Zeeman sublevels  is not zero. The  magnetic field  has a direction along z axis, the principal axis of symmetry of Ge quantum dot. The magnitude of magnetic field is in the 0-10 T range, and the effect of this field on the states in QD can be evaluated by means of the perturbation theory. We consider the first order of perturbation theory and the change of wave functions is linear in magnetic field.  The interaction with phonons is described by 
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 - tensor of deformation potential and constants of deformation potential D define the change of the energy spectrum under uniform strain, indices run over energetic subbands. We use standard form of electron-phonon interaction for valence band states in the basis sp3 [25].  It is depended on the elastic strain 
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where ( is the density of matrix, eq is the  phonon polarization, q is the wave vector of phonon, 
[image: image7.wmf]q

a

+

, 
[image: image8.wmf]q

a

 are creation and destruction operators for phonons  of wave vector q.
We assume that the carrier stays in the same spatial state and just flips its spin, emitting a phonon. The matrix element for this process is: 
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where nq is the occupation number for the phonons, (q is the energy of phonons. We put the exponential factor 
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 to equal 1, because only long-wavelength acoustic phonons are considered. For this type phonons 
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, where l is the typical size of quantum dot.
The spin decay rate is then, by Fermi golden rule:
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where 
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 is the energy of zeeman splitting, s is the sound velocity, the linear dispersion low for phonons is assumed.

The last equation upon substitution given  by Eq. (2) becomes 
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where the magnitude 
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 was obtained by averaging over phonon wave vectors.
To make clear the dependence on the magnetic field we simplified Eq. (4)  in the case of low temperatures (
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The rate depends on magnetic field as 
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 and two orders come from wave functions dependence. The change of wave functions is described by linear function on the magnetic field 
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The function τ(1)(T,H) is expressed as

[image: image23.wmf](

)

(1)

(1)

5

21

q

A

Hn

t

=

+

,                               (5)
where nq=1/(exp(gβH/kT)–1), g is the hole Lande factor, β is the Bohr magneton, and k is the Boltzmann constant. A(1)=1.8·10–3 (s–1Т5) for the typical Ge quantum dot (a Ge pyramid with square base in (100) plane, base edge length 15 nm, pyramid height 1.5 nm, wetting layer 0.7 nm, see Fig.1).
On the next step we take into account two-phonon processes. In this case the relaxation is the two-step process. A phonon of wave vector q is absorbed and a phonon of wave vector 
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 is emitted, the spin flipping in either step. In the intermediate state the carrier is raised from the ground  to an excited state. The expression for the relaxation rate is 
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Here 
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 is the electron-phonon interaction, j denotes the intermediate excited states, and the summation over the energies 
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 and wave vectors of two phonons is carried out.
The rate of Raman-type processes is almost field-independent when T>gβH/k and strongly depends on the temperature: τ(2)~T –7. Relaxation time τ(2) as a function on T and H has a form:
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where α=gβH/kT, and A(2)=14 (s–1K7) for a typical Ge QD.
3. RESULTS AND DISCUSSION
The calculation of relaxation rate in the first order of perturbation theory gives the time (=1.4 ms for T=4 K and H=1 T. 
The relaxation time calculated for direct one-phonon processes is weakly dependent on the temperature (Fig. 1). At temperature T = 10 K this time falls only until (=0.68 ms, that is reduced by half. 
If we take into account the two-step Raman process the dependence on the temperature becomes more essential. If the spin relaxation time at temperature T = 4K  is  τ = 0.3 ms (magnetic field H=1T), then the time already falls until τ = 0.65 μs at temperature T=10 K. If the temperature is rising the time keep on decreasing and it is a few nanoseconds  at T = 20 K. 
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Let us consider the change of hole wave functions in magnetic filed. In zero magnetic field the ground hole state in Ge quantum dot represents a superposition of states with Jz=±3/2 and Jz=±1/2. According our results the contribution of heavy hole is main (84%), and hole admixture with Jz=±1/2  is small (16 %).  In magnetic field it turned out that the spin up state mainly build from heavy hole state with spin up (Jz=+3/2 )  and  light hole state with opposite spin direction (Jz=+1/2). For spin down state the situation is opposite. With increasing magnetic field the contribution of light hole with opposite spin rises for state with spin down. While for state with spin up the contribution of heavy hole increases. This change of wave functions is result of admixture of excited states of hole localized in Ge quantum dot. The results of calculation show that the contributions of excited states are not equivalent. The first and third excited states make the most important contributions. On the basis of analysis of spatial configurations of wave functions (Fig. 3) we conclude that the main reason of this selective admixture  is the symmetry of wave functions. The ground state is built by s-like wave function of heavy hole  and has the admixture of d-like function of light hole. The magnetic field induced the admixture of s-like component of light hole of third state to s-like component of heavy hole of ground state, since the symmetry of this state is the same. As concerning the admixture of p-like component of light hole of the first excited state, this can be explained by the concentration of this state in the centre of quantum dot as well as ground state.  
[image: image31.emf]

The time of relaxation is determined by matrix elements of lattice strain coming from phonons.We have analyzed the contributions of all strain tensor components εij separately.  It was found that the main contribution in spin relaxation give the components εxz, εyz . Namely these components of strain tensor are responsible for intermixing of light hole and heavy hole states.  This leads to conclusion that the spin relaxation is the result of mutual oscillating variation of light hole and heavy hole contributions in the hole wave function, caused by phonon wave.  For excited states the contribution of light hole is bigger, then the change in wave function induced phonon wave is much essential. Correspondingly the spin relaxation is more intensive. The calculations for first excited state give the shorter spin relaxation time τ=0.37 ms. 
We have analyzed the probabilities of transitions to intermediate excited states and conclude that the main intermediate states in Raman processes are third and twelfth excited states. We assume that the symmetry of wave functions (their spatial configurations) are responsible for this selection of intermediate states. It has to be noted that the one-phonon processes  can became the main processes in spin relaxation at the temperatures below critical temperature (Fig 1). For magnetic field H = 1 T the critical temperature is Tc = 3 K. With increasing magnetic field the critical temperature rises. At magnetic field H = 5 T the critical temperature Tc = 9 K. 
In conclusion let us define the range of applicability of obtained results. The first limitation  is the consequence  of the condition:  ΔEz<<E0 –En , that is the zeeman splitting must be smaller than the distance between the energy levels in the quantum dot. This condition is well satisfied for magnetic fields H ~ 10 T. The second limitation is the consequence  of condition λ >> l, where l  is the typical region of localization of hole wave function, λ is the phonon wave length. According our calculation results the localization region of hole wave function is l ≈ 3 nm. This corresponds to temperature region: T < 70 K . And the last limitation is caused by necessity of smallness of the next order of perturbation theory. We have considered  first two orders of perturbations theory and found  the corresponding rates of relaxation Γ(1), Γ(2). From  dimensionality considerations one can write the relationship between third and second orders of perturbation theory: 
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From the condition of smallness of this ratio we found the temperature limitation: T < 60 K 

So, the developed approach is true for the temperatures T < 60 K and for magnetic fields until H ~ 10 T. The long time relaxation due to direct processes ((~1ms)  is the consequence of the heavy hole character of ground state in Ge quantum dot. Closeness of hole state in Ge quantum dot to heavy hole state (84%) hampers the relaxation.  The possibility of relaxation defines by degree of admixture of light hole state. For typical Ge quantum dot the admixture is small and the relaxation is suppressed.
4. SUMMARY

We have studied the phonon-assisted spin relaxation of holes in Ge/Si quantum dots. We consider two first orders of perturbation theory for calculation of relaxation time and the next orders give negligible contribution to relaxation process for the temperatures T < 60 K. The developed approach is true for magnetic fields until H ~ 10 T. There are two competitive phonon-assisted spin flip processes: direct one-phonon process (first-order to perturbative strain field) and Raman-type process (second-order). We found that below some critical temperature one phonon-direct processes become the main processes in spin relaxation. Our results show that at T = 4 K in magnetic field H = 1 T the time of spin relaxation is about 0.3 ms. We calculate the relaxation time as dependent on the temperature and magnetic field. With raising temperature until T = 20 K  the relaxation time falls to a few nanoseconds. 
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Fig.1. Geometry of typical Ge/Si(100) quantum dot
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Fig. 3.  The  wave functions of  heavy hole component (left column) and light hole component (right column) for first four levels in quantum dot, from top to down:  ground state,  first excited state, second excited state, third excited state.. 


 





Fig.2. The spin relaxation time for one-phonon direct processes and two-phonon Raman processes.
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